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REPRESENTATION OF NON PERIODIC FUNCTIONS 
BY TRIGONOMETRIC SERIES WITH ALMOST 
INTEGER FREQUENCIES 

GADY KOZMA AND ALEXANDER OLEVSKli 


Abstract. Inspired by Men’shov’s representation theorem, we 
prove that there exists a sequence {A(n)} C R, A(n) = n + o(l), 
n € Z such that any measurable (complex valued) function / on 
R can be represented as a sum of almost everywhere convergent 
trigonometric series ^ 

1. Introduction 

The Men’shov theorem (1940, see |Bal ch. XV]) states that every 
measurable 27r-periodic / can be represented as a sum 

of (nonunique) trigonometric series convergent a.e. on R. This famous 
result has served as a starting point for many further investigations, 
see ma for a comprehensive survey and references. 

A non-periodic analog of the theorem is also known P, where / is 
expanded in a “trigonometric integral” involving all frequencies A G R. 

The aim of the present note is to show that by small perturbations of 
integers one can get a universal spectrum of frequencies which allows 
to represent any nonperiodic function on R by pointwise convergent 
trigonometric series. 

Theorem. There exists a real sequence A = {A(?7,)}))^_^, 

(1) A(n) = n + o(l) 

such that every measurable function / : R — C can be represented as 
a sum 

(2) /(x)= 

nGZ 
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convergent almost everywhere 

Moreover, the perturbations a{n) = X{n) — n can be obtained from an 
arbitrary pre-given sequence 0 7 ^ p{k) = o(l) (k by rearrangement 

with finite repetitions. 

Convergence is nnderstood with respect to symmetrical partial snms, 

i-e. 

The idea of the proof below is to combine a recent result jOIl about 
approximation by polynomials with “almost integer” frequencies with 
the elegant Korner version of Men’shov’s technique, see jKj. 

Representation de fonctions non-periodiques par des series 
trigonometriques de frequences presque entieres. 

Resume. Inspires par le theoreme de representation de Men’shov, 
nous prouvons qu’il existe une suite {A(n)} C R, A(n) = n + o(l), 
n G Z telle que tonte fonction mesurable / pent etre representee comme 
somme de series trigonometriques convergentes presque partout. 

Version francaise abregee. Le celebre theoreme de Men’shov af- 

hrme que tonte fonction periodique mesurable / pent etre represen¬ 
tee (de maniere non-unique) comme somme de series trigonometriques 
convergentes presque partout. II y a de nombreuses versions et general¬ 
isations de ce resultat (voir uni). En particulier, un analogue non- 
periodique de ce theoreme est connu (voir P) dans lequel / est de- 
composee en "integrate trigonometrique" utilisant toutes les frequences. 
Le but de cet article est de montrer que par des petites perturbations 

d’entiers on pent obtenir un spectre universel des frequences qui per- 
met de representer tonte fonction non-periodique sur R par des series 
trigonometriques convergentes point par point. 

Theoreme. 11 existe une suite reelle A = {A(n)})(^_^, \{n) = 
n-|-o(l) telle que toute fonction mesurable peut etre representee comme 
une somme f{x) = convergente p.p. 

De plus, la perturbation peut etre obtenue a partir d’une suite arbi- 
traire 0 7 ^ p{k) = o(l) donnee par rearrangement avec un nombre fini 
de repetitions. 

L’idee de la preuve ci-dessous est de combiner un resultat recent ing 
sur 1’approximation par des polynomes de frequences presque entieres 
avec la version elegante de Korner 0 des techniques de Men’shov. 
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2. Preliminaries 

2.1. Notations. By a trigonometric polynomial we mean a finite sum 

P{x) = ■ ■ ■ p{-l) < 1/(0) < z/(l) < • • • C R 

The set (the spectrum of P) is denoted by specP. When the 

v{k) need to be integers, we shall specify so explicitly, by saying that 
the polynomial has integer spectrum. We will also use the following 
notations: 


degP = max|z/(A;)| 

iipiu = iQfci 


P*{x) 

II^IIr 


sup 

n 


\u{k)\<r) 


iu(k)x 


sup \P^{x)\ 


P[N]{x) = P{Nx) 

m will denote the Lebesgue measure on the line. 


2.2. External lemmas. We use the following known results. The first 
is lemma 1 from m 


Lemma 1. For every 5 > 0 there exists some constant C{5) with sat¬ 
isfies the property that for every e > 0 there exists a trigonometric 
polynomial P^^s with integer spectrum with the following properties: 


(1) R,,(0) = 0. 


IP 


< e 


( 2 ) 

( 3 ) „ 

141 mi\x ^ lO. 27ri 


Pe,6{n) 

C’(5). 


Vn. 

\Pe,s{x) - 1| > e}) < fi. 


An inspection of Korner’s proof of this lemma will show that it is 
possible to choose these polynomials such that if ei < 62 and Si < S 2 
then degPe^, 5 j > degPe 2 , 52 - We shall denote d{e,S) := deg P^^s- 
The next proposition is a slight variation of lemma 15 from jK|. 


Lemma 2. Assume P, Q are trigonometric polynomials, P with inte¬ 
ger spectrum, and N is a number satisfying N > 2degQ. Then 

(%| ■ QY (x) < 2||P||=o ■ lieiu + I0(i)l • ll-Plli;. 


The last result is taken from PH: 
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Lemma 3. Ifcrin) = n+o{l), (j{n) ^ n, then the system 
is complete in Lo(R) i.e. for every measurable function f : H C 
there exists polynomials Rk = '^Cn j^Qtcr{n)x ^ \im Rk{x) 

a.e. Further, this is true for any subsystem \n\>N' 

3 . Proof of Theorem 

3.1. The sets Ii and the polynomials Rr^i. Our first step is to define 
a fast-increasing sequence rji such that the sets Ii := [—rji, —pi-i] U 
[r]i_i,r]i\ are “large enough” in the sense that the polynomials Rk in 
lemma IHl can be constructed each with the spectrum supported on one 

h. 

More specifically, we shall construct polynomials with 

spectrum in {c’‘(n)}^_^, a{n) := n + p{\n\) satisfying the following 
properties: 

(1) Rr^i have increasing spectra in the sense that if li > I 2 or li = I 2 
and ri > r 2 then 

specRr^^p C : |^| > degRr^^i^} 

(2) Rr^i approximates in the sense 

( 3 ) m e [-/7r,/7r] : \Rr,i{x) ^ ^ 

The self evident induction using lemma [HI will yield these polynomials. 
We then define pi := deg Ri^i. Note that speci?r,z C h. 

3.2. Construction of A. We first need auxiliary sequences of num¬ 
bers. e/, Z G N will be a sequence decreasing so fast that 

(4) 6; ■ max IIR^/IIa < ^ 

|r|<i F 

With 6/ we define di := d{ei,l~^) where d{e,6) is defined after lemma 
m Finally we define bi a sequence of integers satisfying bi > bi_idi-i -|- 
rii_i + 2rji. If we now define sets Ii^s = hF sbi then the sets will be 
disjoint for all I and 1 < |s| < di. We can now define the sequence A 
on the union Ji := lJi<|s|<d; as follows: 

\{n + sbi) = a{n) -f sbi, a{n) E Ii, 1 < |s| < di. 

A is thus defined on {n : a{n) E IJ; A} and clearly satisfies ((11) and 
that \{n) — n E {p(Z^)}^q. On the remaining n’s A can be defined 
to be any arbitrary sequence satisfying these two conditions — for 
example X{n) = a{n). 
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3.3. Representation of / - definition of c„. Let now / : R ^ C be 

any measureable function. Our goal is to find coefficients such that 
Q holds a.e. We shall define successively both an increasing sequence 
{/(A^)} and blocks of coefficients corresponding to Ji(n) and set = 0 
if cr(n) does not belong to any Ji(n)- Thus 

N 

sn-.= y 1 E 

j=l a{n)&Ji(^N) 

would be a subsequence of partial sums of the series 0. Suppose that 
— 1 steps are already done, so we have Sn-i- We define F/v : = 
J-Sn-i. 


3.3.1. First approximation - Gn- We use lemmaElto approximate Fj^ 
on the segment [—NttNtt] with a uniform error of = j^c{{n+i)-^) 
where the function C{5) is taken from lemma d and a measure error 
of — namely, find a polynomial Gjy = J2\r\<MN satisfying 


(5) m ({x G [—A^tt, Wtt] 


\Gn{x) - Fn{x)\ > fiiv}) < 


3.3.2. Second approximation - Q^. Now we choose the integer 1{N). 
We need it to be large enough, namely 


(6) 1{N)>N, IIG^IU, /(iV-1) 

Qn is then defined as follows: 

Qn ^ ^ (^rRr,l(N) ■ 

\r\<MN 

The estimate oi Qn — Gn follows from 0: 



ui{x e [—Ntt, Ntt] : \Qn{x) — Gn{x)\ > 6n} 
X e [-NTTNn] : 

|-i(JVK((Af)7r| : 


< 

< 

< 


(7) 


2Mn T 1 3 

l{Nf ^ iW 


specQiv C Ii(N) n 
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Notice also that 






and finally that 

(8) IIQat]U < IIGatI|a • max ||i?r;(7v)IU- 

3.3.3. Third approximation - if at. The third approximation will come 
by multiplying with a certain polynomial. We first use lemma d 
with 6 = N~^ and e = ei^. and get a polynomial Pn- Define 


Hn ■— Qn ■ . 

Notice that degPAr < da^N) and T’Ar(O) = 0. These two properties mean 
that specif AT C Ji(n)- Further, spec^Ar C implies that 

speciiAT C A. This allows us to define 

Sn '■= Sjsf-i + H]s[. 

3.4. Convergence of ([2]). We prove this in two stages: first that 
Sn{x) —> f{x) a.e. and then that H^{x) —> 0 a.e. 

3.4.1. Lemma [U clause 4 gives 


m 


G [—A^vr, Ntt] 


-1 



< N6 


1 

iW' 


Now, on the “good” set of x such that \PN{bi(^N)x) — 1| < e we can use 
(I3I) and get 


\Hn{x) — Qn{x)\ < \\Qn\\a ■ \PN{bi(^N)X) — l\ 

(9) < IIGatIU- max \\Rr,i{N)\\A ■ ^i{n) 

Summing up Q, Q and © we get for f — = Fn — Hjsf 

(10) m({x e [-A^TrifTr] : |/(x) - S'Ar(x)| > 35jv}) < 

which implies Si\f{x) f{x) a.e. on R. 
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3.4.2. Lemma [21 together with the estimate UPatHoo < ^i{n) gives us 

Hn{x) < 2ei(7v) ■ IIQtvIU + IQAf(^)l ■ ||-P/v||c/ 

The hrst summand is < i by (HI), © and (|HI). Now, using 0 and © 
we get on [—NtiNti] minus a set of measure that 

\Qn{x)\ <\Fn{x)\+25n ■ 

(Ili for iV — 1 implies |FAr(a;)| < 36n-i = (jv_i)c(jv-3) outside a set of 
measure and hnally ||PAr||[/ < C{N~^) so the second summand 

is < on [—NttNtt] minus a set of measure < w^- It follows 
that that H^{x) 0 almost everywhere on R. □ 

Remark. It might be interesting to compare the approximation and ex¬ 
pansion results. The completeness theorem proved in El means that 
by arbitrary small perturbation of the integers one gets a spectrum A 
which is sufficient for approximation of any / G T°(R) by linear com¬ 
bination of A G A. In contrast to that in the expansion theorem 
the perturbations can not decrease fast. In particular, one can prove 
that in the theorem above it is impossible to construct the sequence A 
to satisfy the condition A(n) = n + for some e > 0. 
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